We study the quantum evolution of Kaplan's nonlinear eigenmode for the degenerate parametric oscillator. We calculate the energy exchange between the subharmonic and fundamental modes under conditions where the classical solution disallows any energy exchange between them. This energy exchange is strictly quantum in nature, i.e., it has no classical analog, and exhibits fractional revivals as well as large quantum fluctuations. We demonstrate how the quantum regime of nonlinear optical interactions can be studied in ion traps.
The importance of eigenmodes in the analysis of spatial or temporal behavior of linear systems is well known. As a direct consequence of the linearity of the resulting mathematical problem, a superposition principle holds and system perturbations can be expanded by using the eigenmodes as the basis set. Much effort is thus devoted to obtaining the eigenmodes of a system both theoretically and experimentally.
Nonlinear systems do not possess eigenmodes in the above sense. In this Rapid Communication, an eigenmode is meant to describe a mode whose energy does not evolve with time. Under certain boundary conditions, Kaplan ͓1͔ has found one such set of eigenmodes in nonlinear optics. He considered subharmonic or second-harmonic generation as well as the more general case of three-wave interaction such that 1 ϩ 2 ϭ 3 . The modes interact in a nonlinear fashion, and yet, Kaplan found a classical solution in which they do not exchange any energy between them. This is obtained with the proper choice of amplitudes and phases such that the nonlinear feedback at each wave is purely imaginary, thus resulting only in linear ͑with respect to the time of propagation͒ phase change in each of the interacting waves as they propagate. They are regarded as nonlinear eigenmodes of (2) interactions, which have interesting applications in nonlinear optics. In particular, they can be used for amplitude-phase and phase-phase nonlinear control in (2) materials.
A question arises, do these modes evolve in a fully quantized theory? Another question of great interest in quantum optics is, what effects in the dynamics could be ascribed to the quantum nature of the system under study ͓2͔? Clearly, to answer these questions it is worthwhile to have a situation where classically there is no evolution. Thus the evolution of the eigenmode ͑if any͒ will be due to the quantized nature of the interaction. The nonlinear eigenmode is an ideal candidate for studying what are strictly quantum effects.
In this Rapid Communication we examine the quantumdynamical evolution of a classical nonlinear eigenmode. We show that this evolution is strictly quantum in nature. The exchange of energy exhibits fractional revivals ͓3͔ and is due solely to quantum fluctuations. The photon statistics is shown to be super-Poissonian. We demonstrate how ions in traps interacting with two-dimensional fields can be used to realize this quantum regime of nonlinear optical interactions ͓4,5͔.
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